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ABSTRACT

Methods of computer simulation of ship structural response
in waves are described, with emphasis given to the slowly varying
bending moments due to waves and to slamming responses. Analog,
digital, and hybrid computer systems are analyzed, and results ob-
tained by use of the most efficient computational procedures for
each type of structural response. The vertical and lateral bending
moments due to waves are determined by use of a digital computer,
and sample computations illustrated for determining frequency domain
outputs. Time history outputs of vertical bending moments due to
nonlinear slamming are obtained using a modal model of the ship
structural dynamic representation, together with time histories of
the wave-induced vertical bending moment due to the same wave systan.
The capabilities of various computer systems to obtain the required
responses, the form of the mathematical model appropriate for compu-
tational means, and the time requirements for carrying out the oper-
ations are also presented. The rapid assessment of spectral respons-
es and their related statistical properties by means of digital
computation, together with time history responses at rates faster
than real time, provides a useful tool for determining many aspects
of ship structural response characteristics by means of computer
simulation.
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1NTRODUCTION

A number of studies have been carried out, by use of both
experimental and analytical techniques, to determine the bending
moment on a ship in waves. The time and cost limits inherent in
full scale testing of ships at sea preclude obtaining by this means
the required design data that would represent the expected service
loads for a new ship design. Similarly, difficulties in structural
modeling, coupled with the cost factors required in a large scale
model testing program, also make the model test approach difficult
to carry out for every new ship design. As a result, a program was
instituted under the sponsorship of the Ship Structure Committee,
with the aid of an advisory panel appointed by the National Academy
of Sciences, in order to investigate the utility of a computer simu–
lation approach for determining ship bending moment response in
waves.

The original program was considered to be made up of three
separate phases of work which include:

1. An assembly of a system of equations that would adequately
describe ship structural responses due to the effect of waves.

2. The conversion of these equations to a computer program or
to the design of a computer analog.

3. Computer evaluation of the ship response mathematical model
with the verification of the entire procedure provided by
such evaluation.

The first phase of this work has been completed and a
report [1] describing the mathematical models suitable for repre–
senting ship structural response has been distributed. The emphasis
in this first phase of work was mainly devoted to determining the
slowly varying bending moments due to waves, with some consideration
given to the effects of slamming as well. The bending moments (i.e.
vertical and lateral) due to waves were obtained on the basis of a
linearized ship theory mathematical model, where the distributed
local loads acting on the rigid ship hull were used to determine the
bending moment and shear force at a particular station on the ship.
A set of hand computations of the wave-induced bending moments were
compared with model test data obtained under support of a separate
project (SR-165) being carried out under cognizance of the Ship
Structure Committee, and good agreement was obtained.

The report [1] also outlined a mathematical model for deter–
mining the bending moment due to slamming, and various computational
procedures for obtaining and analyzing such an output were outlined.
The particular type of slamming treated in [I] is that due ico bow

flare, where sudden increases of wave loading occur due to the
generation of nonlinear forces associated with rapid immersion of
the ship’s bow. The form of final output representation, i.e. in
terms of power spectra in the frequency domain and associated

—...
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stati.sti-cal properties obtained from such spectra, or as a time
history from which averages, extremes, etc. are obtained was con-
sidered, and the utility of different types of computers for deter–
mining a particular desired form of final output was also discussed.
The final form of bending moment output will depend upon the degree
of importance of the effects of slamming, and this in turn will
determine the nature of the computer system most suitable for simu-
lation of ship structural response.

(SR-174
matical
system,
the var

The second phase of the overall computer simulation project
is concerned with converting the equations in the mathe–

model presented in [1] into a computer program and/or analog
and that is the subject of the present study. Considering
ous as~ects of the required bendin~ moment information, the

linear strip tfieory mathematical model pro;ides valid results for the
slowly varying wave-induced bending moments, based upon the success
demonstrated in [1]. A digital computer program for determining
these wave-induced bending moments has been formulated to duplicate
the computational procedures applied in [1], which was a particular
task in the present investigation. Techniques for evaluating the
bending moment due to slamming are investigated, based on the mathe-
matical models in [1]. Analog, digital, and hybrid computer methods
are considered for this particular aspect, and their effectiveness
analyzed in terms of their hardware and software requirements. The
detailed procedures that are applied in carrying out these various
tasks are described in the following sections of this report.

The work was carried out at Oceanics, Inc. for the Ship
Structure Committee by means of Naval Ship Systems Command Contract
No. NOO024–67–C–5254, Project Serial No. SFO13-03-04, Task 2022,
SR-174.

ANALYSIS AND SIMULATION PROCEDURES

The bending moment determination is based upon separate
treatment of two distinct processes, viz. the slowly varying wave-
induced bending moment and the bending moment due to slamming
responses. The wave–induced bending moments are steady state effects
that can be considered as linear with respect to wave amplitude, and
they are determined for a rigid ship using only interactions between
inertial and hydrodynamic forces. The slam–induced bending moments
are of transient nature, they evolve from nonlinear hydrodynamic
force effects, and they represent an interaction between inertial,
hydrodynamic, and elastic forces. Thus a fundamental difference
between these two basic elements exists, and separate treatments of
each quantity have been carried out in order to obtain the greatest
degree of information on their basic characteristics as well as to

select the most effective computer simulation technique.
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Considering the vertical plane initially, the equations of
motion for the rigid body heave and pitch degrees of freedom of a
ship are solved simply for the caee of regular waves by converting

the resulting linear differential equations into linear algebraic
equations. The vertical wave-induced bending moment arising from
the inertial and hydrodynamic forces is then determined from these
results by simple algebraic operations, as demonstrated in [11 .
Similarly the lateral motions of swayl yaw, and roll, and the
lateral bending moment induced by the waves (and the wave-induced
lateral motions) are also found in this manner, as shown in [1].
These formulations have been programmed on a digital computer,
following the basic computational methods outlined in [1] and other
prior work. Various subprograms necessary to evaluate the sectional
values of added mass, damping, wave excitation force, etc. have
also been formulated or adapted, as the case may be, to prepare
the various elements required for determination of the ship motions
and bending moments. The basic input data for this computation
are the ship lines (i.e. offsets at different stations) and loadings,
and the environmental conditions will be ship speed, wavelength,
and heading (for regular waves) . Response amplitude operators for
bending moment (per unit wave amplitude) are constructed from the
output, and these serve as the basic tools for determining spectral
measures of ship structural response in different sea state
conditions.

A digital technique has been most appropriate for deter-
mining the linear rigid body ship motions and bending moments
directly induced by the waves since the computational technique
is basically arithmetic; the digital computer technique has great
flexibility when altering conditions; analog representation of
frequency-dependent coefficients is relatively difficult; and
the digital method is directly applied to determination of spectral
representations, especially when considering an input wave spectrum
with directional characteristics. All of these digital computer
operations have been aimed at final representation of bending
moment response in a spectral form, so that measures of rms ampli-
tudes, significant amplitudes, etc. can be directly determined as
an output of this digital computer program for an arbitrary sea
spectrum input.

The vertical bending moments due to slamming are determined
from solution of coupled partial differential equations that in-
clude elastic effects represented by bending flexure, shear
deformation, and rotary inertia, as well as the dynamic effects of
inertial and hydrodynamic forces. These equations only represent
the elastic response of the ship, with the effect of the hydro–
dynamic forces manifested. by added mass in the inertial term and
the nonlinear portion of added mass and buoyancy forces in the bow
region (due to bow flare) as the input excitation.

For purposes of computer simulation a nodal model will be
established with the hull assumed to be made up of “lumped”
elements between the different ship stations (e.g. using 20
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stations) , with the appropriate elastic, inertial, etc. properties
representative of each element. The various features of either
analog, digital, or hybrid computer simulation for this model
are delineated after the partial differential equations are reduced
to a set of simultaneous differential–difference equations. con–
sideration also has been given to the methods of representing the
hydrodynamic input forces for each of these different types of
computers, as well as the manner of differencing the equations, i.e.
the selection of the continuous variable as either space or time~
leading to the choice of either a serial or parallel method of

solution (for the hybrid computer system) .

Another model considered for the study of the bending
moment due to slamming is a modal model , where the solution is
represented in terms of a se~of normal modes. The equation
variables are expressed as a product of two functions, each a
function of only one of the two independent variables, i.e. space
and time. This method requires a separate solution for the normal
modes, which are determined from solving an eigenvalue problem for
the natural frequencies and the mode shapes (eigenfunctions). The
mathematical model underlying the modal method is developed and
the recommended computer techniques for solution of this model are
also presented. The assumptions inherent in the development of
the equations and their computer solution are presented and the
basic features of such an approach contrasted with the nodal
model discussed previously.

As a result of the analyses described above, different
computer simulation methods are applied to evaluate their suitability
and accuracy by comparing computer output results with available
model test data. The particular ship for comparison purposes has
been the aircra”ft carrier USS ESSEX, for which an articulated model
has been constructed and tested at the David Taylor Model Basin of
the Naval Ship Research and Development Center (NSRDC), as described
in a series of reports (e.g. [2], [3]). The bending moment response
from those experiments contains information on the wave–induced
bending moments as well as the sum of wave-induced and slamming
responses, which is the actual form of measured total response
in the full scale case also. The model tests were conducted in
head seas only, so that vertical bending moments (both wave–induced
as well as those including “whipping” responses due to slanuning)
are required by computer simulation in order to carry out the compari-
son. The results of such a comparison provide the means of verifi-
cation of the computer model at this stage, as well as providing data
on the degree of accuracy of the results. In addition to the
comparison with the ESSEX, additional computations of the wave-
induced bending moment at various oblique headings for another
ship, the SS WOLVERINE STATE, are also presented. Comparison
with the experimental data obtained in [4], which was originally
shown in [1] for hand computations at a slightly different forward
speed, provides a further source for judging the accuracy and degree
of verification of this digital computer technique.
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On the basis of these comparisons and the judgment resulting
from them which provides support for a particular computer simulation
technique, the necessary time for providing the required output
data has been determined. The time requirement is determined
initially as a result of th+e lipi,ted computer experiments, but
certain projections are made’ ~or advanced computer hardware systems
that may more adequately represent the state of the art in computer
hardware development. The computational effort and time require–
ments for determining time histories of ship structural response,
which are necessary if the slamming-type whipping responses have
to be included in the simulation procedure, represent the upper
bounds on these requirements since spectral information can be used
to find statistical output properties in less time. Thus the
importance of slamming responses in determining the design limits
of ship structures (i.e. maximum bending moment) has been ascertained
in order to decide on the final form of computer systeml and its
cost, both operationally and/or on the basis of capital investment
requirements. The number of ships for which bow-flare slamming
can occur, the present inability to represent bottom impact slamming
due to the lack of an adequate hydrodynamic theory for its calculation,
and the degree of control of slamming available to a ship’s master
(due to his ability to reduce speed and/or change course) are the
factors that influence the decision as to the necessity of including
the slamming responses represented in the present computer simulation
study.

COMPUTER REPRXS.ENTATION Ol?WAVE–INDUCED BENDING MOMENTS

The wave-induced bending moments, both vertical and lateral,
are determined from the loads distributed along the ship hull that
arise from the local wave forces and the loads due to the rigid
body motions of the ship. Thus the rigid body motions of a ship in
regular waves must be known in order to obtain the direct bending
moment due to waves. The equations of motion of the ship are linear,
as is the bending moment determination, in accordance with the
results in [1] and the basic assumptions of the present study. The
technique used for determining ship motions in waves is by applica–
tion of strip theory, where the local forces on different ship
sections are evaluated independent of the influence of neighboring
sections (i.e. no interactions between sections) , and that method
is used for finding the bending moment.

For the case of vertical plane motions, the equations of
motion are formulated relative to an axis system whose origin is
located at the CG of the ship. A right-handed cartesian coordinate
system is selected with the axes fixed in the body, with the x–axis
positive toward the bow (in the direction of forward motion) , the
y–axis positive to port, and the z-axis positive upward. These
axes are defined to have a fixed orientation, i.e. they do not
rotate with the body, but they can translate with the body. The
ship angular motions are considered to be small oscillations about
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a mean position given by the axes. The dynamic variables for this
case are the heave displacement z along the z–axis, and the pitch
angular displacement 6 which is defined as positive in the direction
of negative rotation about the y-axis (i.e. bow–up) .

The hydrodynamic forces and moments are composed of terms
of inertial nature due to body dynamic motions; dissipative terms
due to damping action; and exciting effects due to the oncoming
waves. The effect of the free surface is accounted for in the
inertial and wave forces by frequency dependent factors that modify
the added masses, and all couplings of inertial and dissipative
nature are included in the analysis. Previous results for head
seas are extended to the general case of oblique waves by changing
the form of the exciting wave force and moment to include the effects
of heading. This change is effected by a new definition of the
surface wave elevation which relates the position of the body with
respect to the wave orientation, as shown in Figure 1. The waves
propagate with speed c in a direction oblique to the forward motion
of the ship, where the angle between the x-axis and the direction
of propagation of the waves is denoted by ~, where B lies in the
range 0° < 6 < 180°. This angle is measured counterclockwise from
the x-axi~ to–the wave direction, so that B = 0° for following seas
and B = 180° for head seas. The wave elevation n(xry,t) is repre–
sented by

\

CREST

\

CREST ~REi5T

I
z

—v

Fig. 1 Relation of Body to Waves.
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~=a~in&
A [ 1

xcos6+ysinf3+(V cosp-c)t , (1)

where V is the ship forward speed, and for application to determine
the wave forces this expression is only applied along the ship hull
centerline y = O for the vertical plane motions. Thus the wave
expression u used in the following development will be

r 1m(x,t) =asin* xcos ~+ (Vcos f3-c)t (2)
—

whichl aside from its effect on the definition of the frequency of
encounter, is equivalent to interpreting the wavelength to be an
“equivalent” wavelength of A sec ~.

The local vertical wave force acting on a ship section is
given by

dZw

1

[

11

2Tfi
“33 “ ““

——

pgB*n + N;(x) - v ~
A— =

dx n + “33Q e (3)

where B* is the local beam, N:(x) is the local damping force coeffi–
L!

cientr A’
33

is the local section vertical added mass, and E is

draft of the section. The vertical velocity and acceleration
water particles at the wave surface are

and

and the circular frequency of encounter

(0 =*(VCOS B-C)
e

which is used in representing the final

Cos B - C)t

I+(v Cos @ - C)t

is then

the mean

of the

(4)

t (5)

(6)

sinusoidal form of responses
to sinusoidal waves: The to~al vertical wave force is obtaineb by
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integrating the expression in Equation (3) over the ship hull, i.e.

\

‘b ~Z

Zw = ~ dx
dx

xs

and the pitch moment due to waves is

1
‘b ~Z

Mw = ~ dx
x dx

x
s

where x~ and ~ are the stern

-. .- . .‘Lne coupled equations

and bow x–coordinates,

(7)

(8)

respectively.

of motion for heave (z) and pitch (6)
of a ship in regular waves are given by

a; + b~ + cz + d~+ e~ + gQ = Zw(6,1,V) (9)

A{ i- B; + CO + D;+ El + GZ = Mw(6,a,V) (lo)

where the coefficients are

I
‘b

a=m+
‘;3 ‘x ;

x
s

I

%

C=pg B*dx ;

x
s

11
‘b ‘b

b = %3 dxN>dx – V —
dx

x
s x

s

I
‘b

d=D=
“33 X dx :

x
s

;

e=~.,xdx-2v~A,3dx-v~xd(x33);
s s s
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1

‘b

i

%

9=P9 13*x dx-W ; A=Iy+ A; ~ X2 dx

x
s x

s

1

‘b

\

‘b

B= N~x2dx - 2VD-V x2d(A’# ;

x
s x

s

(% (‘b f%

:

,(11)

C=pg I B*xdx– VE ; E=

1

N; xdx – V

~

xd(A\3) ;

x
s xs x

s

I

%

G=pg
B*X dx

x
s J

It is necessary to carry out integrations involving the local section
geometry (i.e. local section beam) and the added mass and damping
coefficient for vertical section oscillations to obtain these
coefficients. The added mass and damping coefficients for two–
dimensional sections are obtained from the results of Grim [5],
using a new program that extends the frequency range to higher
values than his earlier results (see [6] for a discussion of the
limits of programs for calculating added’mass and damping of &o-
dimensional sections for vertical oscillations) . The ship sections
are fitted by Lewis-form sections [7] , a two–parameter family
obtained from conformal transformation, and the added mass and
damping coefficients are found as functions of frequency for
various valu~s of the geometric parameters beam–draft ratio (B*/H)
and section coefficient (Cs = S/B*H, where S is the section area).

The local loading at a section is made up of the loads due
to the inertia forces of the ship mass and the added mass; the loads
due to displacement or hydrostatic effects; loads due to the damping
arising from ship velocities; and the loads due to the direct wave
effects. The total loading at a section, in equation form, is then
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dfz

aY=- 6nl(;+xE) - A\3(y+x&2vi) - pgB*(z+x8)

[

“33

1

dZ
- N;(x) -Vm (;+x;-ve) -1-+

I (12)

where Am is the local mass loading (slugs/ft.) at the section and
dZ

the value of the local wave force & is expressed by Equation (3).

For use in the computer program the local wave force is expanded and
expressed as

dZw

z= [ 1F1 cos met + F2 sin Met F3

where

2?rfi.—
a

‘3 = ae

[

21Tg~1 1[sin 2J x ~os ~
‘1 = pgB* “ —

a 33 a
)

(

2Trc ~f “33-—
A ‘Vdx )[

Cos ~z x Cos B
J

(~gB* – @ A’
‘2 = a )(33 Cos : x Cos B

)

–[

+ 2’7TC~1 _ v “33
1 z dx )(

sin ~ x cos 6
)

(13)

(14)

(15)

(16)

Integrating the loading (lb./ft.) over the ship from one end up to
a Particular station gives the vertical shear at that station, and
integrating the shear up to a station gives the vertical bending
moment at that station. Alternatively, the vertical bending moment
is represented mathematically as

1
x
o

dfz
BMZ(XO) =

(X-xo) E ‘x

x
s

I (17)

where x is the location of the station at which the bending moment
o

is desired, and similarly by the relation
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(
x
o df

BMZ (Xo) =

I

(X-XO) & dx

%

(18)

since the requirements
force on the body, and
zero (the “closing” conditions for shear and ben~i~g moment) . -

for a body in equilibrium are that the total
the total moment about any Point, must ewal

The digital computer program for carrying out the calculation
of vertical plane ship motions and vertical wave-induced bending
moments is thereby similar to the program developed at MIT, which
is presented in [8] and is restricted there to head seas. The
essential change in the present program to allow for different
headings is in the evaluation of the”wave excitation, given by
Equations (13)-(16) , and the definition of the frequency of encounter
(Equation (6)), where the sign of me is examined and applied to the

evaluation of the quantity I?2appearing in Equation (13). The

present program also allows an additional input, viz. wave heading
angle, as well as minor input–output improvements.

For lateral wave-induced bending moments the mathematical
model developed in [1] is the basic formulation that is used to
establish the digital computer program, where the effect of roll
motion is neglected, for simplicity. The ship dynamics represen-
tation thus includes only coupled sway and yaw motions, by appli-
cation of strip theory techniques, where the local forces are
determ~ned in terms of the added mass and damping of two–dimensional
sections oscillating laterally on the:free surface. This informa–
tion is available for Lewis-form sect~ons in the work of Tasai
([91, [101), where the necessary numerical procedures for calcula-
tion are presented together with typical results. In order to
make direct use of the results in [9], the axis system is altered
to have the y–axis positive to starboard and the z-axis positive
downward, with the x–axis still positive in the direction of
forward motion of the ship.

The equations of motion in yaw and sway in regular waves
are given by

““+ a22$ -!-aa21Y “-+a.2~ti 25$ + a26@ = Nw(ha,v)

where the coefficients are defined by

(19)

(20)

— . —
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a25 = z

x x
s s

a26 = - ‘a22

;

;
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s

I
‘b

dx – 2V Msxdx ;

x
s

with M~ the local lateral added mass, Ns the local damping force

(21)

coefficient, in the ship mass, and Iz the ship moment of inertia

about the z-axis. The local lateral wave excitation force at a
section is represented by
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dYw

z= [ 1Gl cos Uet + G2 sin ~e~
‘3 (22)

(23)

L- -1

( )( m

‘1 = 9( PS+I’4S)Co.s * x Cos f3 -c N-V—
s dxs )(

sin $X COSB
)

(24)

(=g(pS+Ms) sin ~
)(

dMs

‘2 x Cos e –cN– V—
s dx )(Cos + x Cos ~

)
(25)

where the term within the

[1

symbol in Equation (23) repre–

L 1

sents the effect of variation of the wave properties across the
width of the ship, as well as a means to account for the influence
of short waves. The total wave force is obtained by integration
over the ship length,

and tihetotal yaw moment due to waves is given by

1%dYw
Nw = — dxx dx

Jx
s

Expressing the solution of the equations of motion in
regular waves (Equations (19) and (20)) in the form

y.y ~ COs met + yi sin met

(26)

(27)

(28)

(29)V = or cos met + iji sin Met



-14-

the expression for local lateral loading is given as

~ = 91 COS wet + 92 sin met t

with

91 = (6m+Ms) (u~yr + W:x$r) + 2WsUe~i

●

-(

dM
N~-V~

)
(~eyi + WeX4. - Vvr) + G1G31

( dlq

)+N-V—
s dx (~eYr -1-uexlJr i-V~i) i-G2G3

The lateral wave-induced bending moment at station x is then
calculated from o

i

x
o

1
x
o

BMY(xO) = (X-XO) : dx . (X-XO) ~ dx

(30)

(31)

(32)

(33)

by averaging the results from the bow and stern integrations.

The computer program for the lateral wave–induced bending
moments, just as the program for the vertical wave-induced bending
moments, was written in FORTRAN V for use with the EXEC 11 operating
system on the UNIVAC 1108 digital computer. The lateral program is
essentially the same as the vertical bending moment program, when
structured in the manner described above, with the rigid body motion
degrees of freedom reinterpreted and the equation coefficients and
excitation revised in accordance with Equations (19)–(32). It is
only necessary to have a new subroutine to determine the two–dimen–
sional lateral added mass and wave damping terms, which replaces the
subroutine for computing the analogous vertical force terms provided
in the work of Grim [51. This particular subroutine can reflect
the results of Tasai [9] for Lewis forms or any other suitable
formulation of these lateral force terms, such as that provided in
[11] for arbitrary cylindrical sections.

All of the preceding developments for lateral bending moments,
described by Equations (19)-(33), are completely programmed for
digital computer evaluation. However the subroutine for mathematical
evaluation of the two-dimensional hydrodynamic added mass and damping
for lateral motion has not been prepared as a digital computer
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program. Numerical values for these quantities are available in
graphical form, thereby allowing their use in computations, but a
complete computer solution requires the programming of this particular
subroutine.

The results obtained from the digital computer programs for
wave-induced bending moments are expressed in the form of amplitude
and phase of the rigid body motions, shear force, and bending
moment as functions of We, from which the quantity known as the

response amplitude operator (RAO) is obtained. The I?AOof a parti-
cular motion or response is the amplitude of response per unit
wave amplitude and the general form of response from these equations
may be represented, e.g. for heave motion, as

z i$z
—= T
a ~n (ule)e (34)

where ~z is the phase of the motion relative to the wave at the ship

CG position, and

~zq be) = (RAo)
z

(35)

According to linear superposition theory, as originally developed
in [12], the power spectral density of an arbitrary response,
represented by the i-subscript, is represented in a unidirectional
random seaway by

‘$i(ble)= Tin(ue) 2A2 (tie) (36)

where A2(ue) is the wave spectrum representation in terms of the

frequency of encounter tie. The wave spectrum is generally repre-

sented as a function of the frequency w, which is a pure wave
frequency related to the wavelength A by

-i

2’fTg
(0=

T

‘Thefrequency of encounter We is related to w by

(37)

(38)

and it is necessary when representing the wave spectrum as a function
of u~ to present it in the form given by

where J

[1 (39)A2(we) = R2 U(We) J(we)

@e) is the Jacobian given by
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(40)

(see [121 for details). The wave spectrum for a non-unidirectional
sea, allowing for angular variation (a two–dimensional spectrum) ,
will result in a modification to the basic frequency domain repre–
sentation and that can be included in the program, depending on the
form of the directional characteristic desired. The weighting
function to account for the angular variation is given in terms of
the angle Bw, which is measured from the direction toward which the

wind is blowing (the predominant wave direction) . For the case of
a two–dimensional wave spectrum, the response spectrum (in terms
of we) for a particular ship heading measured relative to the wind

direction is obtained by integrating with respect to the angle @w

(see [12] and [13] for details). The present computer program
contains the elements that allow the complete spectral evaluation
for the case of such short–crested seas, but the final steps have
not been completely implemented. The effort required is very
minimal~ and in addition it requires knowledge of the particular
angular spreading function representing the wave directional
characteristics .

All of the statistical or probabilistic properties possessed
by a particular linear Gaussian random response to the sea may be
obtained, in principle, from the spectral density function Oi(Ue)

for that

spectral

is equal

response. For example, the total area Ei under the

density function curve, as defined above, given by

1

m

13i= oi(tie)dwe (41)

o

to 0$; i.e. the variance of the ordinates on the correspond-
L

ing time-history curve.* Here the ordinate dispersion, or standard
deviation, has been denoted by IJi,which is the root-mean–square

. value of the deviations of the ordinates from the mean or average
ordinate, which is assumed to be zero for consideration of all wave–
induced effects in the theoretical computations outlined above. The

mean amplitude of oscillation, the mean of the highest ~ of such

*
In the case of the Neumann wave spectrum input [12] the result is

Ei = 2Ui2 , which is a consequence of the definition of spectrum

presented in [12].
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amplitudes (known as the significant amplitude) and other statistical
parameters of interest for a specified sea condition, sh~p ~peed~
and relative heading are given in terms of E, e.g. the slgnlf~cant
amplitude of the vertical wave-induced bending moment is expressed by

(BM’1,=2V=Z** (42)

3

where

1
m

E
B&lz= %3MZ (tie)dwe

(43)

o

The digital computer program developed for bending moment
determination includes a subroutine for computing response power
spectra for an arbitrary wave spectral density input. Appropriately
spaced values of m~ are selected and the necessary RAO’S obtained,

and these are w.sighted with the wave spectral density values at the
same Me values in accordance with Equation (36) thereby producing

the required response spectrum. An integration
F

rocedure is also
included, together with operations to obtain Ei , etc. in order to

produce the necessary statistical

DIGITAL CC)MFTJTERRESULTS FOR

data.

WAYQ-INDUCED BENDING MOMENTS

As a means of checking the capability of the digital computer
program developed in this study to predict the bending moments
acting on ships in waves, a series of computer runs to determine the
vertical wave-induced bending moments acting on a ship model were
carried out. The first set of computations were made for a model
of the SS WOLVERINE STATE, for which model tests in oblique waves
were available [4]. The model was a 1/96 scale model corresponding
to a 496 ft. LWL, a mean draft of 19.3 ft., maximum beam of 71.5 ft.
and indicated displacement of 11,770 tons (29.8 lb. in model scale) .

‘Thetests were carried out at a speed equivalent to 16 knots over
a range of headings extending from 0° (following seas) to 180°
(head seas), at 30° heading increments, and measurements made of
the midship vertical and lateral bending moments.

—.

**
If the Neulnann wave spectrum is used, the constant before the
square root should be 1.41 rather than 2.
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T’his same model data was used for comparison purposes in
[1] with hand computations, at a speed of 17.5 knots in the computa-
tion, and relatively good agreement was found. On this basis it is
anticipated that the computer program will also produce results
that show good agreement, with a demonstration of the speed and
versatility of the computer allowing investigation of various
details, such as a larger number of wavelength conditions; the
ability to include a different number of stations; an ease of
making changes in the forward speed; different subroutines for
local hydrodynamic force computation; the ability to obtain bending
moments at any station, etc. , etc. The weight curve of the ship
model is shown in Figure 21 and data on ship lines was obtained
from the test laboratory.

WEIGHT CURVE

l/96-SCALE MODEL OF WOLVERTNE STATE

W=29.8 LB.

Fig. 2

1

—

.

m-l
1

1
3;

I 1 1
2“0 10 0 10 20 30

(STERN) INCHES
(BOW)

Weight CUPVQ of WoZverine State Model.
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Illustrative results of the digital computer computations
of midship vertical bending moment due to waves are shown in
Figures 3-5, together with the experimental data at the same speed
of 16 knots. The results are presented in the form of midship verti–

15<000 — THEORY

1

0 EXP)1411”L!M

I
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6 EX1>EI? lMLNT
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4 Comparisonof Theory and Experiment, Ve~tica2
Bad-kg Moment, B=150”.
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cal bending moment amplitude per unit wave amplitude, as a function
of the ratio of wavelength to ship length, for three heading angles:
180° (head seas), 150°, and 120°. The agreement between theory and
experiment in these cases is generally good, with a lack of agree–
ment only at the short wave conditions (a/L < .5) for which the
basic assumptions of strip theory are not ex~ected to be valid. The
present state of the art in ship motion prediction does not extend
into that range, and since t-hemagnitudes of various responses at
those conditions is small this defect may not be significant. In
addition , when considering spectral responses the frequencies of
encounter corresponding to small wavelengths do not contain much
wave energy and hence a small contribution to the resultant bending
moment spectrum (and statistical response properties) is obtained
frum that region. Thus it appears that the present computer program
will yield useful results in the spectral (i.e. frequency response
domain for application to determining structural response

VERTICAL BENDING MOMENT

wOLVERINE STATr

v=16 XTS. , 6=120°

15,000

— THLO1?Y

n eXperiment

I

0:5 1.0 1.5

A/L, WP.VILI&NGTHySHIPLLNGTIJ

Fig. 5 Comparison of ThQoFyand Experiment,
Vertical Bending J40mwzt,f3=120°.

characteristics on the basis of the present comparison.

A specific requirement in this study is to obtain computer
results for the vertical bending moment characteristics of the air-
craft carrier USS ESSEX, for which extensive model tests were

carried out in waves at NSRDC for a 6 ft. model (1/136 scale) . Data
on midship vertical bending moments directly induced by waves was
obtained during these tests [3], and comparisons were made with
digital computer results for the RAO characteristics and statistical
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properties at two forward speeds, O and 13.8 knots, in head seas.
The model test data was obtained by spectral analysis of the ship
responses and the waves, with the RAO characteristics extracted
from these spectral characteristics. An average of the data from
a series of 5 runs at each speed was obtained, and comparisons
with the digital computer results are shown in Figures 6–9 for the
pitch motion and the wave-induced vertical bending moment. In
spite of the scatter of the data points, the computer results appear
to have generally good agreement with the experimental data, with
the least agreement for the zero speed case. However it is possible
that the data obtained at zero speed, for a 6 ft. model in a 10 ft.
wide towing tank, may be affected by wall reflections and similar
interferences due to the experimental facility geometry that might
invalidate the data. An examination of the pitch response, in

[1
2flaterms of the ratio of pitch amplitude to wave slope ~ , shows

a ProP@r asymptotic approach to the limit value I.O at low fre-
quencies for the computed results and an erratic indication of the
RAO data average for the zero speed condition, thereby indicating
a posszble extraneous influence on that data.
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Head Seas,

Further analysis of the properties of predicted response
characteristics from computer results was obtained by determining
the power spectra of responses to different sea state inputs,
represented by the Neumann formulation. An example of the midship
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vertical bending moment power spectrum for the ESSEX in a Sea State
9, corresponding to a wind speed of 50 knots, for motion in head
seas at a forward speed of 13.8 knots is shown in Figure 10. The
square root of the spectral area for the vertical bending moment
was obtained for that case and also for a Sea State 7 condition
(wind speed = 30 knots) and those values are shown by the two
points on Figure 11. These values obtained from the computer RAO
are compared with the results obtained using model data and full
scale RAO values in conjunction with Neumann wave spectra to

represent ~ values as a function of ~ (wave amplitude measure) .
z

Since the full scale data was obtained under 9 knot forward speed
conditions, and the model test data at zero speed, the slightly
increased value for the computer result at 13.8 knot forward speed
is proper, and the agreement between theoretical predictions using
computer results and those obtained from model tests and full scale
measurements receives further verification.
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COMl?UTER SIMULATION OF SLAM-INDUCEEI BENDING MOMENTS

In the case of slam-induced bending moments only vertical
plane motions and responses are considered, and the wave system
orientation will be that of head seas. The basic equations are
established on the basis of approximating the ship structure as an
elastic beam with nonuniform mass and elastic properties distributed
along its length.

The equakions of motion governing the response character-
istics of the ship are essentially the same as those pr@sented in
[141 and [151, with the main concern in the present study being
the hydrodynamic forces acting as the excitation input. The basic
equations are as follows:

azze az avs
P —-l-c 4+—= P(x,t) ,

atp at ax
(44)

where u = V(X) is the sum of the ship mass and the added mass at a
section; z represents the vertical elastic deflection; c is the

e
damping coefficient; V~ is the shear force; and P(x,t) is the local

input force due to ship-wave interaction.

aM azy—= vs+Ir—
ax at2

(45)

where M is the bending moment, Ir is the mass moment of inertia of

a section; and y is a deformation angle, with the last term on the
right in Equation (45) representing the rotary inertia.

(46)

is the fundamental elastic equation, with EI the bending flexural
rigiditiy.

az v~
e—= -

ax
—+y
KAG (47)

relates the bending and shear effects, where KAG is the vertical
shear rigidity.

All of the above equations are partial differential equations,
with the independent variables being x and t, so that the fundamental
quantities of interest (i.e. bending moment, deflection, etc.) vary
both temporally and spatially along the hull. The equations are
appropriate to the same axes and coordinate system as was used in
the analysis of vertical wave-induced bending moments, given by
Equations (1)-(18), so that some of the expressions used there can
be applied directly in the present case. The main emphasis in the
consideration of the elastic response of the ship due to an impulsive

— —
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force, arising from a slamming-like phenomenon associated with bow
flare, is the determination of this force. The force input arises
from interaction between the ship hull geometry and the wave, and
the particular impulsive–type force must be distinguished from the
ordinary wave-induced forces that cause the ship rigid body motions
and the wave-induced bending moments. These latter forces are
determined in accordance with linear theory, and they are found in
terms of the ship geometry corresponding to an immersed portion
defined by the still water equilibrium reference position, i.e. the
mean value of the wave elevation. The fact that there is a difference
in the actual immersed area, local form geometry, etc. due to the
wave elevation and/or the resulting rigid body motions is not
considered in the linear analysis that characterizes the work on
wave-induced bending moments in [1], which is reproduced in the
present report. Thus the input force P(x,t) represented in Equation
(44) will have all linear wave effects separated out, since they
have already been accounted for in determining the vertical wave-—
induced bending moments.

The input force P(x,t) is made up of
is of inertial nature while the other is due
represented by

P(x,t) = Pl(x,t) + P2(X,’C)

The force Pl(x,t) is of inertial nature, and

P,(x,t) = - ~ (fingwr)
J.

where the operator

D—=
Dt

z is the additional
ni

two terms, one of which
to buoyancy, and is

. (48)

is represented by

(49)

added mass at a section that is determined

from the instantaneous immersion geometry of the ship sect,ion,
after subtracting out the added mass determined from the still
water (linear theory) reference geometry, and Wr is the relative

velocity at the section, given by

w = ; + X6 -Vfl -Wo(x,t)
r (50)

where the rigid body motions z and 6 (and their derivatives) are
determined from linear theory solutions (from Equations (9)-(11))
and wo(x,t) is the wave orbital velocity given by

for the
waves) .

Wo(x,t) = ~= - *- * r 1x + (V+c)t (51)

present head sea case (illustrated here for sinusoidal
The force P2(x,t) , which is due to buoyancy, is represented
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by

P2(x, t) = pgxnk (Zr;x) (52)

whqre ~ng is the additional cross-sectional area at a section due to
,

the’difference between the area corresponding to the instantaneous
submerged portion of the ship section and that corresponding to the
still waterline, and ~fter eliminating the linear buoyancy farce
terms. ‘Thequantity Ani is determined, for a particular ship section,

as a function of the relative immersion change

z
r = z+ Xe - ~ (X,t) (53)

and it is expressed as

InL = A – A. -1-B*zr (54)

where A is the instantaneous submerged area of a section, A. is the

area up to the still waterline and B*z corresponds to the linearr
spring rate that is included in the determination of the direct
wave-induced rigid body motions and the wave-induced vertical bending
moment.

Since the bending moment due to whipping responses of the
ship, resulting from slamming in the bow region due to nonlinear
forces arising from bow flare, is a transient nonstationary process,
it is best expressed as a time history output. The major simulation
problem at first is the method of representing the nonlinear hydro-
dynamic forces defined in Equations (48)-(54) in time history form
for a ship in an arbitrary seaway. The nonlinear buoyancy force
defined in Equations (52)–(54) can be determined in tabular form at
various stations from the ship lines drawing. Values of the added
mass for various ship sections at different levels of immersion can
also be calculated, with the added mass being that value appropriate
to vibratory responses, i.e. a high frequency limit that will be
independent of gravity effects, i.e. be frequency–independent. A
mathematical procedure, which has been programmed for a digital
computer, was developed for determining this added mass for arbitrary
ship sections and is described below.

A multi-coefficient conformal mapping method was used to
calculate the mapping coefficients for the various ship sections,
where the method uses a series of points (x, y–coordinates) along
the section contour as the input data and determines the various
coefficients a that satisfy a conformal transformation similar to

i

the Lewis [7] ~-parameter and the Landweber [17] 3-parameter mapping
procedure. These methods are used in determining added masses of
two–dimensional sections and the present program determines the
coefficients so that the condition
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n

I ‘xj-x(Bj))2 + (yj–y(01))2 = minimum
j=o

(55)

is satisfied, with the requirement

5= y(e.)

j +x Elj) (56)
‘j

j also satisfied, when x and y are the coordinates along the sectioni i
and X(O .) and Y(ej) ar~ the m~pped coordinates on the circle.

1
The

added mass, as defined by Landweber for a 2–parameter formP is given
by—

and the general

m pfi=—
v 2

m
[ 1=~ (ao+al)z -1-3a~ ,v (57)

expression for coefficients up to a
2&-1 ‘s

r(sol-al)2
I_

An added mass coefficient

2m.-
V

co=—
pnb2

—
n I

is defined by

(58)

(59)

where b is the half–beam of the section, and since b can be defined
in terms of the mapping coefficients

.L1

co =

I n \2

(60)

A high degree of accuracy is obtained in fitting an arbitrary section,
and this is limited by the number of points chosen along the section
for a fit. For the present application a fit yielding 14 coefficients
was used and the added mass value was judged by the degree of
accuracy in fitting the section by the mapping technique, which was
considered adequate for nearly all of the bow region sections (up
to 20% of the ship length aft of the FP). The nonlinear added mass
value can then be tabulated for different immersion levels at
various ship sections by subtracting the added mass value corresponding
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to the still waterline (linear theory reference condition).

With the above data on nonlinear buoyancy and added mass
known (in a tabular sense), it is then necessary to determine the
instantaneous relative immersion (Equation (53)) and relative
immersion velocity (Equation (50)) for the particular ship in an
arbitrary seaway in time history form; evaluate the particular force
elements in terms of the instantaneous motion time history; and
combine the various effects along the ship hull to represent che
distributed forces along the hull which are the input excitations
to the dynamic equation (Equation (44)) of the partial differential
equation system representing this interaction problem. A repre–
sentation of the tabular data for the nonlinear added mass and
buoyancy terms by means of an approximate fit on an analog computer
function generation loop is laborious and also lacks generality.
Similarly the generation of the instantaneous linear rigid body
motions with proper frequency response characteristics, as well
as accounting for phasing at various stations as the wave propagates
along the advancing ship hull, is difficult for an analog computer
in terms of component hardware requirements as well as ease of modi-
fication for a different ship, when considering extensive simulation
work for many different ships. The linear ship motion characteristics
in terms of frequency responses are determined from .adigital computer
solution in-a simple mannerl as described in the earlier sections
of this report, and since this information is necessary for a complete
structural response simulation it should be applied to other required
phases of the overall project. Thus a digital computer approach,
using its memory capability and function generation ability, would
be most suitable for determining the nonlinear hydrodynamic forces,
with the object to provide time histories of these quantities for
use in the simulation.

A time history output of a linear ship response or any
linear cotiination of such responses can be generated from knowledge
of the frequency response of that quantity relative to the waves by
use of a convolution integral operation in the time domain [18].
The wave motion time history at a point is the input data and a
weighting function kernel operates on this input, as expressed
mathematically by the following discussion, where the particular
quantity considered is the ship pitch motion in this example. With
knowledge of the pitch frequency response to a unit sinusoidal wave,
as measured at a point xl ahead-of the origin of
given by

coordinates (CG),

(61)

where F(ue) = ~ (with A determined as a function of me for a

particular forward speed condition) , the weighting kernel function
is defined as the Fourier transform of the pitch motion frequency
response operator, i.e.
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,CO

1 imet
K6 (t) = *

‘en (We;Xl) e du e
(62)

-m

in the frequency of encounter domain. The convolution integral
operation is defined by

I
m

e(t) = K@(t-~)nm(-r)d~ (63)

J
—m

which operates on the present and past history of the wave motion.
The value of xl is chosen sufficiently far forward of the CG

reference position such that the kernel functions will have no
significant magnitude for negative values of their argument, thus
avoiding any lags in the evaluation of instantaneous motions (i.e.
the equivalent of a “realizable” filter) . The location of the
reference point xl is taken at 30 ft. ahead of the ship FP for the

case of the ESSEX, but since this selection is only made to satisfy
the requirements of the kernel function and is unrelated to real
physical measurements it is not significant for the present problem,
as long as all kernel functions are evaluated for that same reference
point, thereby insuring proper phase relations for all quantities
determined by use of these convolution integral operations. Hence
the bending moment due to waves may also be represented in time
history form by the relation

r
Mw(t) = KM(~)nm(t–-c)d~ (64)

J
—m

where KM(t) is found as a Fourier transform of the bending moment

frequency response, i.e. RAO and phase, with similar results for any
other linear combination of responses that are linear with respect
to wave height. The kernel function operates on ~m(T) , which is the

wave time history as measured in the moving reference frame; i.e.
at the reference point x~ which is moving with the ship. Thus the

frequency domain for carrying out the Fourier transforms is the
frequency of encounter.

The wave record is generated by passing the output of a
white noise generator through a filter whose amplitude character–
istics are the same as the square root of the wave spectrum desired
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in the frequency of encounter
that will be a representative

insures a wave record
family of possible

time histories hating that spectrum when a record of the wave
measured at the moving point (at the desired forward speed) is

domain. This
sample of the

analyzed.

A particular motion response such as the relative errunersion
7

at station 18; (for the 20 station ESSEX) , with station 20 located

at the bow, going to O at the stern in accordance with the notation
in [14]) is shown in the form of frequency response (amplitude and
phase relative to the wave reference, in terms of frequency of
encounter) in Figures 12 and 13 for a 13.8 knot forward speed. The
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amplitude is seen to asymptotically approach 1.0 as the frequency
increases, as expected, and this must be truncated to zero at some
finite frequency value in order to obtain a Fourier transform (see
[191). The frequency value chosen for the cutoff value (i.e.
truncation point) was chosen as Ue = 3.0, which is high enough to

have little effect on anticipated ship motion responses, as indicated
by the power spectrum of that relative emmersion motion for a Sea
State 7 (wind speed Vw = 30 knots), given in Figure 14* The kernel

function for the relative emmersion at that station, based on the
truncated response operator, is shown in Figure 15, where the
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Fig. 14 Relative .TrnmeysionSpectrum, USS Essex
Station 18 1/2, V=13.8 Knots, In Sea
State 7.

values for negative arguments of time are to be neglected in the
evaluation of the time histories. This is done in order to assure
present time instantaneous values (see [18] for discussion) and the
small values neglected for negative time have insignificant influ-
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.enceon the computed responses. Similarly a cutoff’ is also made
for this particular kernel function at t = 20 (dotted line in
Figure 15) since values of the kernel function at larger values of
time give a negligible contribution. In each case when truncation
was performed on the response amplitude, the resulting kernel was
“inverted” to obtain the associated frequency response, and the
accuracy of the kernels was found to be sufficiently good. T’o
complete the presentation of the weighting kernel functions, a
plot of the kernel function for the midship bending moment due to
waves for the ESSEX at a 13.8 knot forward speed is presented in
Figure 16, where the negative time portion is to be neglected in
application to a wave record input.
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Ffa. 15 Kernel Function for Relative Immersion, USS EGSQX Station 18 1/2, V=13.8.ti..
Knots.

The general technique initially proposed for determining
time histories of bending moment due to bow–flare slamming was to
use the digital computer techriique described above to obtain the
hydrodynamic force time history, i.e. use the digital computer as
a function generator. The basic equations for the elastic response
of the ship, Equations (44)-(47), were to be solved on an analog
computer, with all the necessary interface equipment such as analog-
to-digital (A–I))converters and D-A converters providing the linkage
between the two computers, i.e. a hybrid computer simulation that
makes effective use of the best capabilities of both types of
computers. The basic procedures of this system are generally
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Fig. 17 Hybrid Computer Simulation Procedure.

described in Figure 17, vihEr2 the origin and US@ of ~h~ various
terms eiltering the s.imulatio.nare slhown. Since the clici’calfu~~ctiori
generation can be accomplished in real time, based on <imilar results
in [18], it remains to determine the effectiveness of solving the
partial differential elastic equations on the analog computer. The
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tirne scale of solution is important in that case, and the relation
between the digital computer and analog computer time scales can
then be examined.

The fundamental method of solution of the partial differential
equations of elastic response is to convert those equations to
ordinary differential-difference equations. The present case of a
beam subject to dynamic loads can be viewed as a partial differential
equation of the fourth order in the space variable and the second
order in the time variable. The nodal approach breaks the beam into
separate elements (20 segments are chosen in the present study) , and
a lumped–parameter system is assumed for each element, with a separate
equation set for each element. The equations are functionally
identical, with the only distinction being the different subscripts
of the dependent variable in each equation. Thus each equation
represents a different segment in time or space, depending on which
variable has been retained as the continuous variable.

In the parallel method of computation, which is the classical
technique applied to beam problems, a separate set of equations
corresponds to each length segment of the beam? where the differ–
encing is done with respect to the space variable. Thus a separate
analog circuit is necessary for each differential equation, and this
is reproduced for each segment, thereby requiring a relatively large
amount of analog computer equipment. The entire set of equations is
solved simultaneously (i.e. in parallel) with respect to time in
this manner.

In the serial method of solution the equations are difference
with respect to time, and they are solved in an iterative fashion
on a hybrid computer by time–sharing an analog circuit that repre-
sents a single differential equation. The iterative procedure
updates the subscripts from run to run, stores appropriate values
in the digital memory portion of the hybrid, and then obtains
interpolated values of the dependent variable from the digital com–
puter. This method requires great care in the finite difference
scheme in the time variable; extensive logic control is required
for the iteration procedures; and problems of instability occur in
the space variable equations due to the requirements of satisfying
a two point boundary value problem. In view of these difficulties
the serial approach will not be considered for this present problem.

Carrying out the differencing in the space variable, the
most suitable method of parallel solution on the analog computer
is to form an equivalent set of four difference equations of the
first order in the space variable. The finite difference equations
are expressed as

v - Vn
xl-i-1

ll’ie i- c“ i-
Z Ax = ‘n+;

n+} e n+~

(65)
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‘11+1 – ‘n
Ml= EIn+ln+=
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M - Mn+ 1n+~
2 z

v
n+l = Ax

(66)

(67)

(68)

The beam (ship) under study was divided into twenty equal
sections, the mechanization of which consists of twenty coupled
oscillator loops. Each loop, in its uncoupled state, consists of
2 integrators and 3 amplifiers. It is recognizable as a sinusoidal
generator, if we neglect the damping c, which is small. Figure 18

abstracts, as an example, Station 10~ from the total mechanization.

Fig. 18 Ana20g Computer Mechanization of Equations, USS
Essex Station 10 1/2.
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The loop gain defines the square of
of the sinusoid and is given by the product
settings, namely

the angular frequency
of the potentiometer

(69)

For the present example, using the data from [14], which is also
tabulated in Table 1,

Ax = 41 ft.

TABLE I PARAMETERS FOR USS ESSEX

Bending

Stiffness
Shear

Mass Stiffness

P 131 x 10-~

Station ton-see. ‘/ft. 2
KP.G X 10–s

‘LOn-ft .2 Station tons

1./2 26.925

1 1/2 59.749

2 1/2 87.912

3 1/2 123.468

4 1/2 168.927

5 1/2 203.577

6 1/2 222.975

-1 1/2 232.820

8 1/2 241.541

9 1/2 245.300

10 1/2 239.408

11 1/2 227.709

12 1/2 208.629

13 1/2 180.824

14 1/2 147.595

15 1/2 114.631

16 1/2 80.119

17 1/2 45.570

le 1/2 26.497

19 1/2 15.677

5.051

7.765

12.315

18.305

27.045

36.95

44.24

49.69

55.165

58.755

59.00

50.67

37.47

33.205

34.48

2s.64

19.27

13.65

9.025

7.448

0 13.40

1 16.367

2 24.849

3 35.314

4 47.702

5 60.561

6 71.429

7 77.652

a 78.319

9 75.0~2

10 71.804

11 69.669

12 70.206

13 75.298

14 81.511

15 73.21.4

16 40.00

17 24.551

18 18.552

.19 14.311

20 12.694

~lo.L
= 5.83922 ton–sec.2/ft.z

2

EI lo; = 59(109) ton-ft.2

leading to

2
= 3576 (rad./sec.)2

‘n
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T.heoptimum time scale for the solution of the problem is generally
one which gives loop gains in the neighborhood of unity. In this
case, a “slowing down” of the problem by a factor of 60 gives a
desirable loop gain of about 1.0. However a slowing down of the
time scale is not the intention of the overall computer simulation,
since an increase in the time scale is really desired, i.e. ship
responses should be predicted at a faster rate than real time to
make the computer approach attractive. The reasons for this
difficulty must be determined and methods found to increase the
time scale for this particular treatment to reach at least a real
time capability.

One possible approach would be to decrease the number of
segments to 10, resulting in an increase in the tolerable loop

frequency by a factor of 4 since un - ~ . Other careful
(Ax)2

modifications can be made to increase the time scale so that real
time solutions can be obtained. However the time scale is limited
since the bandwidth of dc amplifiers is limited and instabilities
in response occur due to imperfect frequency response, i.e. phase
shifts that cause even a sine wave generator circuit to produce
exponentially increasing outputs at higher frequencies. While
the first mode of oscillation of the ship beam is of the order of
1 cps, higher modes are present in the 20 segment simulated structure.
It is these higher modes that will be generated in the computer
with attendant amplification errors, instabilities, etc. which will
only produce “hash” in the resulting output. Thus bandwidth
limitations of analog computer components are responsible for this
difficulty, and even the newest analog computer hardware systems
cannot be expected to produce outputs that will appreciably
increase the time scaling capability of a 20 segment nodal model
simulation of a ship. The sensitivity of the finite difference
procedure for an elastic beam is also a problem, but the use of
four separate first order equations overcomes that particular
problem. Representing the equations with fourth order differences
would lead to significant errors since the structural stiffness
matrices are known to be ill-conditioned [20], and this is avoided
by using first order differences. Thus the use of any computer
simulation technique for transient elastic beam vibra~ion.via

., finite difference methods must be carried out very carefully in
order to assure a successful simulation.

One method suggested in [15] makes use of a modal model to
represent the beam, and this is easily accomplished if the effects
of rotary inertia are deleted. Since rotary inertia has a very small
influence on the first mode of motion, which is the predominant
mode of ship elastic response [14], this method may be applicable
here. The variables in the equations are represented in a product
form as

____ .... . . . ..,...—......——

Returning to the forced motion, Equation (71), this can now
be expressed as



-38-

C9

Ze(x, t) = I qi(t) xi(x) J

i=l

m

M(x, t) =
E

qi(t)Mi (x)

i=l

(70)
m

V(x, t) = I qi(t)vi (x)

i=~

where Xi (x) is the normal mode shape of the ith mode. Substituting

these expressions in Equations (44)-(47), eliminating and substitu–
ting, the equations can be shown to reduce to

where

(71)

(72)

and

1
L

Qi(t) = P(x,t)Xi(x,)dx (73)

o

Considering the free motion of the beam , with no forcing function
present, Equation (71) can be expressed as

—- ..-—.“.—- .—”.-—.-——.— — -—
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different modes, and the reduced ~esponse for the hi9her modes is
due to the increased values of u. . The major aspect of the struc–

1
tural modes in determining the dynamic slamming responses is then
the eigenvalues rather than the eigenfunctions, and that may be
used as guidance in selecting the nufier of modes in the computer
simulation.

The equations for each mode can be solved in real time on
an analog computer, for a particular transient input, and also in a
faster than” real time simulation, depending on the generation of
the input function. Similarly the solution to Equation (77) ~an be
expressed in closed form, for the initial conditions qi(o) = qi(o) =0,
as

1
t

Qi(~) .&(t_T)
e 2p

qi(t) = — sin Ai(t–r)d-c
ai;i

o

(80)

where
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Xx

Mi = H~(x)hli2X. (x)dx dx (75)
1

00

is obtained. This double integral can also be expressed as a single
integral

I
x

M. = LU,2
1 1

(x-s)v(s)xi(s)ds (76)

o

Returning to the forced motion, Equation (71), this can now
be expressed as

— . .
Piqi + Ci~i + Kiqi = Qi(t) (77)

where ~i is defined by Equation (72), (since ~ is assumed to be a

constant) ,

Ci=;:i (78)

and

Ki = w:~i (79)

Equation (77) can be easily solved for any input and solutions for
the modal approach in the present case can be obtained for the
first (i.e. predominant) mode and also as many of the higher modes
that may be required, leading to a reduced computational effort.
The number of modes that may be required for a complete representa–
tion is not known a priori, but many results of past analyses and
experiments have shown that the first mode is the predominant effect.
The important aspect that influences the response is the frequency
associated with a particular mode, rather than the mode shape per se,
since the slamming forces have a definite frequency content that
has been found to be close to the first mode natural frequency
value. The response of the higher modes is primarily that of a
static displacement, and the amplitude is inversely proportional
to the generalized spring constant Ki defined in Equation (79).

Since the generalized mass vi, defined by Equation (72) depends on

a weighted integral in terms of the square of the mode shape, the
influence of whether the mode shape is symmetric or anti–symmetric
is not significant. The values of vi do not vary much for the
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different modes, and the reduced response for the higher modes is
due to the increased values of Ui . The major aspect of the struc-

tural modes in determining the dynamic slamming responses is then
the eigenvalues rather than the eigenfunctions, and that may be
used as guidance in selecting the number of modes in the computer
simulation.

The equations for each mode can be solved in real time on
an analog computer, for a particular transient input, and also in a
faster than” real time simulation, depending on the generation of
the input function. Similarly the solution to Equation (77) ;an be
expressed in closed form, for the initial conditions qi(0) = qi(0) =0,
as

[

t
Qi(~) -A(t.=)

e 2P
qi(t) = sin li(t–~)d-c

ai;i
o

where

(80)

(81)

While this solution can be obtained on a digital computer, for the
present study and illustrative purposes the solution will be
obtained from the analog. It is only necessary to have information
on the normal mode shape for the first few normal modes, and that
is provided for the ESSEX in [14]. For a general ship case such
information can be obtained from available digital computer programs
for solving eigenvalue and eigenfunction problems of structures,
which are generally available at computer centers, or by applying
the programs described in [21].

The use of a passive direct analog computer (network analyzer)
discussed in [141 has the attributes of simple representation of the
structural and mechanical properties of the hull, for a large nodal
model. The representation of the hydrodynamic forces by use of
analog elements required use of active elements, i.e. amplifiers,
transfer function duplication, etc. which has the same limits as any
analog system. Thus this particular type of computer network does
not have the complete versatility as a computer technique that uses
digital function generation for determining the hydrodynamic forcing
functions. The advantage in computational speed of the passive
analog portion, which allows solutions much faster than real time,
is countered by this particular difficulty, as well as the greater
labor of a computer operator required for problem preparation, check-
out, etc., i.e. its versatility is again limited. Since the modal
method described above can be applied in a time scale.faster than
real time (ideally) , that particular advantage of the passive
analog can be duplicated (to a degree) by simpler and more readily
available computer systems.
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HYBRID COMPUTER SOLUTIONS FOR SLAM-INDUCED BENDING MOMENTS

A number of runs were made for the USS ESSEX at a forward
speed of 13.8 knots in waves with a hybrid computer setup composed
of a PDP–8 digital computer, an EAI TR–48 analog computer, and DEC
hybrid interface components.* These computer runs were made in
two different sea states, corresponding to wind speeds of 30 knots
and 50 knots (Sea States 7 and 9). The runs were of 20 minutes
duration in real time, and separate outputs were obtained for the
bending moments due to waves and due to slamming. The nonlinear
hydrodynamic forces were applied to the first 4 of the 20 beam
segments, and they were applied at the midpoints of each of the seg-

ments (stations 19+, 18~, 17* and 16*) with the appropriate

weighting according to Equation (73). A sample of the time history
of the components of the local force at station 17;, in terms of

the wave record of Sea State 7 measured 30 ft. ahead of the bow, is
shown in Figure 19. These results were obtained from the pro-
cedures outlined in Figure 17 using the pertinent equation defini–
tions given in this report. The occurrence of large forces,
associated with large waves? is seen from this figure, as well as
the relative contribution of the two force components.

The outputl in terms of the separate wave–induced and slam–
induced midship bending moments, as well as their sum, is shown
together with the wave record in Figure 20 for the case of Sea State
7. The occurrence of a slamming “event”, in terms of bending moment
response, is shown in this figure and the effect of the “whipping”
action on the total midship bending moment is obvious. These
occurrences can also be correlated with the nature of the associated
forces by comparing with the data in Figure 19, which contains a
related portion of the same wave record.

The result in Figure 20 is that due to the first mode
response, and an investigation was made of the second mode response.
This was done by applying the associated weighting function (second
mode shape) to the local forces in accordance with Equation (73),
and then as input to the dynamic second order equation (Equation
(71)) with the appropriate values of the required constants. The
results are shown in Figure 21, where it is seen that the second
mode bending moment response is negligible compared to the first
mode, which was anticipated due to previous investigations of this

*
The computer units mentioned were those used at Oceanics, Inc. in
carrying out the work described herein. A discussion of the
basic characteristics of computers that can be applied to this
type of simulation problem is given in the next section of the
report.
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Fig. 19.

Fig. 20

LocalForce ComponentTime Histories, USS .?ssex,
Station 17 1/2, V=13.8 Knots, S@a State 7.

Midship Bending Moment Time Histories,
V=13.8 Knots, Sea State 7.
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problem (e.g. [14]). It has also been shown in [14] that the non-
linear added mass force has a “triplet” pulse shape that will
excite the first mode of the ship, which has a frequency Of .75 cPs.

Fig. 21 Comparison of Fi~st and Second Mode
Contributions to Total S2mz-Induced
Midship Bending Moment, USS Essex,
V=13.8 Knots, Sea State ?.

A picture of tie force output due to nonlinear effects is shown in
Figure 22 for a 22 ft. height sinusoidal wave input at me = .7 rad./sec.

(the frequency of maximum relative immersion), and the occurrence
of this triplet pulse, at the appropriate frequency to excite the
first mode of structural response, is evident. Thus the behavior
indicated by other investigations of this problem, using other
simulation techniques, is veri”fied by these results in Figures 21
and 22.

A comparison of the bending moment output characteristics,
as obtained from the hybrid computer simulation, with the experi–
mental model data in [3] is shown in Figures 23 and 24, using the
same method of presentation as in [3]. In Figure 23 the maximum
whipping moments (peak to peak) due to slamming, as obtained
from the computer run outputs, are divided by 2~ for the wave-
induced bending moment and plotted as a function of @

n
, which is

proportional to the rms wave height. The results are presented for
the model tests at O and 13.8 knots forward speed, together with
the data obtained from the computer output for a 13.8 knot forward
speed in the two sea state conditions. Similarly the maximum total
bending moment double amplitude (sum of wave-induced and slam-induced
moments) at midship are presented as a function of fin in Figure 24,
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where a similar comparison between the computer results and model
test data is shown. Examination of these results shows quite good
agreement between theory and experiment for the Sea State 7 condition
and poor agreement for the Sea State 9 case. However this lack of
agreement for the Sea State 9 case could be anticipated since the
waves in that case are extremely large (significant height of 78 ft.) ,
which indicates many occurrences where the forward portion of the
hull would either be out of the water or have its fliqht deck
covered with water. Such results were indicated in the time history

1-’-10SEC.

Fig. 22 Local Foxwe Time Histiopiesfor
Sinuso<.dalInpu-t,USS Essex
Station 17 1/2, V=13.8 Knots,
tie=.?RAD./See.

records for this case, where saturation levels in the hydrodynamic
forces were shown since the data terminates when the hull is either
out of the water or the entire ship section is submerged. In those
cases bottom impact on the structure could be expected, and this
type of slamming as an additional force input would result in larger
whipping moments than those possible due to bow flare slamming above.
Since no allowance was made to includ~ any hydrodynamic mechanism to
account for bottom impact forces, the lack of agreement is under–
standable. Furthermore the particular environmental condition is not



-45-

SEA STATE SCALE

10.0
S.o
6.0

4.0

.3 4 5 6
I 1

9

0

7 8 9—
I I

J 3
u

~~

0

0

‘2= C””UTER”F
U V=13.8 KNoTS ~oJ)EL

0.11 I
1 2 4 6810 20 30

~ , FT.

Fig. 23 Slam Induced Midship Bcmding
Mom@ntiCharacteristics,~
Essex.

E+
r=

El
!3
zl
L. SEA STATE SCALE. .
H
la
~lo.03456799 —I I

8.0
w

:
6.0 1

IJ o ~sn 4.0
v

e- A
E
2 2.0
2
m Y .
zHnz 3“.0 (--l
w
m 0.8

b
H

0.6
z
m
E 0.4
z

g

~ 0.2
A V=13 .8 KNOTS, COMPUTER :1#

*
o v=O , MODEL

. 0 V=L3 .8 KNOTS, MODEL‘0 0.1

Fig. 24 Peak-To-Peak Total Midship
Bending Momaz_tCharacteristics,
USS Essex.

practical, since the ship would not necessarily proceed at such a
forward speed in a head sea encounter with such severe waves. Thus
it can be seen from the above results that the computer simulation
outputs have good agreement with model test data for the conditions
where the basic theory is applicable. Since the model test data
has already been shown to be in agreement with full scale data [2],
and further agreement between all results has been indicated in
Figure 11, it can be seen that the present method of simulation
provides a useful prediction of the structural responses of the USS
ESSEX in a seaway.

DISCUSSION OF COMPUTER RESULTS AND CAPABILITIES

The results obtained in treating the two aspects of bending
moments on ships in waves, i.e. the slowly-varying bending moments
directly induced by the waves and those due to slamming, have shown
good predictive ability with the computer techniques used for each
case. While the particular machines and the manner of organization

,.
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of the computational tasks may not have been the most advanced repre–
sentatives of the state–of-the-art in either hardware or software,
the basic methodology and types of computer systems used were
certainly able to demonstrate the capability of simulating ship
structural response characteristics. Means exist now, by use of
the methods and type of computer equipment described previously to
obtain spectra (and resulting rms values) for both vertical and
lateral wave–induced bending moments in oblique seas for a ship
moving at a prescribed forward speed and heading. This information
can be readily extended to the case of short-crested seas if a
particular representation of the short-crested sea spectrum is
available. Similarly it is now possible to obtain time histories
of both the wave-induced and slamming-induced bending moments with
a hybrid computer system, so that analysis of computer output records
will provide data on the effect of slamming (due to bow flare) .

In order to judge the efforts required to apply the techniques
developed herein on a large scale, some measure of equipment require–
ments and cost in time for providing such information must be
established. Considering the linear bending moment induced by waves,
the use of a digital computer such as the UNIVAC 1108 model used
for the present computations would be representative of large digital
computers of advanced capability that are presently available. The
computational performance of that machine has been demonstrated .in
the present study to produce a complete output (i.e. amplitude and
phase of heave, pitch, vertical shear and bending moment, at a
particular station) within a time of 0.5 sec., for a ship at a
particular forward speed and heading in a regular wave with a
specific length. Assuming that 12 points (i.e. 12 wavelengths, or
12 different values of we) are sufficient to represent the response

operator curves such as those shown in Figures 3–9, the computational
time is about 6 sec. If this were carried out for 6 different
headings (15° increments, covering a 90° range) , sufficient data
would be available to allow evaluation of the bending moment spectrum
in a short-crested sea with a specified spectrum, all of which
could be accomplished within a time frame of about 1 minute (which
will include integration of the resulting spectrum and evaluation
of rms bending moment) .

This type of iesult can also be obtained for the lateral
bending moment at the cost of an additional 1 minute of computer
time. Combined results of vertical and lateral wave-induced bending
moments, such as the evaluation of deck edge stresses, could also be
carried out with an insignificant amount of additional computer time.
All of these results are found for a particular ship station, which
the digital computer can be programmed to change, so that coverage
of a number of stations with the time for complete evaluation at a
particular station (since the rigid body motions are known from the
first computation). Thus a versatile digital computer method can
be applied to determine an extensive coverage of ship structural
responses in a particular sea state within a matter of minutes, when
considering the slowly-varying wave–induced bending moments.
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For the vertical bending moment due to slamming, which arises
from the nonlinear forces associated with bow flare, the computer
method developed herein produces time history outputs by means of
hybrid computer system. The various hydrodynamic forces are deter–
mined by operations on rigid body ship motions, which are expressed
in terms of convolution integrals in the time domain. The weighting
kernel functions are determined as by-products of the large digital
computer solutions described above, and they are used in the digital
computer portion of the hybrid system, which can be a much smaller
machine for the hybrid applications. The computers used in the
present study for this purpose were an Electronics Associates, Inc.
TR-48 analog computer, a Digital Equipment Corp. PDP–8 digital
computer, and a hybrid linkage (A–D and D-A converters) made by
Digital Equipment Corp. The time requirements for carrying out the
digital computation of the forcing functions will be considered
initially, since that will have the major influence on the overall
simulation time scale.

The time required to carry out the evaluation of two convo-
lution integrals, representing the relative enunersion and relative
velocity at a station, for a particular instant of ‘time is about
.025 sec. Since four sets of such results (for the four forward
stations) , together with a value of the time history of the wave–
induced bending moment, are needed, and allowing for the time
required for evaluating the nonlinear buoyancy and added mass from
the tabulated values? the total time required for these operations
is about .125 sec. The digital computation of the convolution
integrals was carried out with a sampling time of .5 sec. (which is
a proper value that would provide the correct frequency content in
the hydrodynamic force terms) , and hence this clock rate of the digital
computer would allow a time speed–up by a factor of about 4:1 as
compared to real time. Real time computations were carried out in
the actual work due to capacity limitations of the particular
computer equipment present (i.e. 4096 word memory, three D–A converters,
etc.) , but the complete capability could be achieved if increased
components were available.

In addition to the 4:1 speed–up indicated above, the time
scale could be further increased by a still larger factor. The
evaluation of the convolution integral was primarily a series of
multiplication operations which were carried out in double precision
at this time to insure greater accuracy. However such accuracy
may not be necessary for this problem, and the time scale could be
increased by a factor of 10-12 times as fast by using single pre–
cision multiplication on the present machine or by use of a 16 bit
machine rather than the present 12 bit computer. As a result it
appears that the speed-up in the digital computer performance could
be by a factor of 40-50 times as fast as real time. The analog
computer can certainly be speeded up in its operation by that amount
by a re–scaling of time, since that rate is.well within the band–
width characteristics of present solid state analog computers, as
long as the modal method is used. Thus the digital computer time
scaling for generation of the force inputs is the critical factor
in this hybrid technique. It may even be possible, depending on

. ... .—. ,—
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capacity requirements, to obtain the complete solution by digital
means according to the result in Equation (80), but that will
require further investigation. Nevertheless the concept illustrated
by the work described in this report, together with the analysis of
time scaling, indicates an ability to provide time history ~utputs
that will result in a rapid means of assessihg the effect of slamming
on bending moment response.

A hybrid computer system that is capable of carrying out
the simulation of slamming responses in waves can be established
using present state-of-the–art computer elements. The digital
computer can be a small machine with a cycle time of the order of
1-2 microseconds, a memory (core) of 8,192 words, and a word
length of 16 bits (or more). The linkage between the digital and
analog computers is made up of A–D converters, a multiplexer, and
D–A converters, and these units should be compatible in regard to
speed, controllability, logic voltage level, etc. with the two basic
computers. There are a number of small digital computers, together
with the requisite hybrid interface units, that are commercially
available now which can easily satisfy these requirements. As far
as the analog computer portion of the hybrid system is concerned,
almost any modern solid state machine made by commercial analog
computer manufacturers for scientific applications will suffice
for this work using the modal approach outlined previously.

Although a method was developed for presenting the bending
moments due to slamming, the type of slamming was due to bow flare,
which is not a very serious practical problem. Bottom impact
slamming is a more significant problem, and the present techniques
can be applied to that particular case as long as a method exists
for representing the hydrodynamic force input. Some guidance as to
the major mechanisms governing such forces is provided in [22] and
[231, and similar techniques for force generation by a digital
computer, as developed in this study, can be applied to that case.
The equations for modal response of the dynamic and elastic
structure can be applied, in conjunction with such an input, to
produce information on slammi~g responses due to the bottom impact
mechanism. Thus an extension of the method is possible for such
nonstationary structural responses.

Similarly it also appears to be possible to extend the modal
equations to predict the responses due to “springing” [24]~ which
appear to arise from linear hydrodynamic forces associated with
short waves. Small rigid body motions uccur in that case, but the
hydrodynamic wave force must be determined in detail along the hull
for that case, which will require an extension of the slender-body
theory (e.g. [25]) with similar terms as were illustrated in limited
detail in [1]. In this case the resulting bending moments appear
to be linear and stationary, and their effects can be included
together with the lower frequency wave bending moments in a spectral
form. This possible extension of computer simulation should be
investigated further since it has important significance for parti–
cular ships, such as large Great Lakes vessels.
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When considering extended capabilities of the present computer
methods, it is also possible to include the effects of roll motion
and data on vertical weight distribution so that complete lateral
bending moments and also torsional moments induced by waves in
oblique seas can be calculated. The basic mathematical models are
described in [1], and only a small effort is necessary to extend
the analysis for this purpose. More detailed programming of
lateral hydrodynamic forces due to roll must be carried out, but
the basic theory already exists ([9], [11). An extension of this
type to the digital computer method of predicting wave-induced
bending moments will be an important addition, with applications
to such vessels as container ships.

The preceding discussion has demonstrated the capabilities
of the presently developed computer technique for predicting ship
structural response, and it appears that a useful and efficient tool
exists for determining the wave–induced bending moments.* While the
slamming effects are not determined with the same ease, they are
still amenable to solution and can be presented for any particular
operating condition (with valid inclusion of all pertinent force
mechanisms) . The nature of the particular .computer systems
required for the final desired data is dependent on the extent of
slamming information desired, and this should be explored for
more cases rather than the present single aircraft carrier response.
The extensions of the present methods to include the effects of
bottom impact slamming and springing should be pursued, and similarly
the prospect of computing torsional moments (and a more complete
representation of lateral bending moments) in oblique waves should
also be investigated.

CONCLUSIONS

The results obtained in the present study demonstrate the
capability of providing information on ship,structural response
by means of computer simulation. Computed values have good agreement
with available experimental data for the cases investigated and the
program has sufficient flexibility to allow variations that would
encompass other ships. The particular camputer system hardware
requirements and the time requirements to obtain solutions for the
different bending moment quantities have been delineated, and it
thereby appears that present–day computers have the necessary
capability for carrying out the required simulation work. Thus
the present results provide a basis for further computer evaluations
to produce additional verification and/or predictions for a larger
class of ships.

*
A supplemental report [26] that lists the various digital computer
programs used to determine wave–induced bending moments has also
been prepared. This report has received limited distribution and
is held on file by the Ship Structure Comnittee for internal
use and information.
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In addition to the ability to provide data on both vertical
and lateral wave–induced bending moments in oblique seas, as well
as slamming resp~nses due tO bow flare, the methods can be extended
to other problems. These other applications are to bottom impact
slamming, springing responses due to short waves, and torsional
moments in oblique seas. These additional effects should be investi-
gated by further analysis and computer simulation so that they can
be treated in the same manner and with the same degree of success
as the structural responses considered in detail in the present report.

Since the next phase of work in the Ship Computer Response
project is aimed at obtaining verification of the presently developed
computer techniques, these particular tasks should be carried out in
that “phase of work. The results obtained in that type of study
will provide a further basis for establishing a computer method for
determining ship structural responses, including important additional
effects not considered previously in this study but which can be
accomplished as a result of extensions of the present method.
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