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ABSTRACT

Experiments are described that reveal the three-dimensional
character of the plastic zone in front of notches and cracks in
plates of an Fe-38i gteel and a plain carbon steel. These define
the plane-stress regime as a function of applied stress and plate
thickness. They also provide a rationale for the DM (Dugdale-
Muskhelighvili) model as a tentative elastic-plastic solution of
a crack under plane stress. Refinements that offer a way of
taking work hardening and rate-sensitive plastic deformation into
account are described. In this way, unnotched tensile properties
—~—the stress-strain curve and reduction in area—are used to
calculate plastic-zone size, crack-tip displacements and strains,
the crack-extension stress, and the fracture toughness, in accord
with experiments. Finally, the approach is extended to ductile
crack propagation and used to calculate the crack speed and the
stress, strain, and strain rates imposed on material in advance

of a moving crack,
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INTRODUCTION
(1)

Treatments of crack extension in metals based on the solutions of Inglis

(2)
and Griffith fail because they regard the metal as completely elastic. The

modified-elastic solutions of OrowaSB)and Irwigh)are more successful, These
make adjustments for local plastic deformation, but they do not describe stress
and strain in the region adjacent to the crack tip. TFurther progress demands
elastic-plastic solutions that can describe in detail what happens in the
plastic zone, and these will make it possible to predict crack extension from
the unnotched mechanical properties. Inroads into the elastic-plastic problem
(5) (6-9)
have been made by Allen and Southwell, and others, and further progrees can
be expected. Yet, at this writing, there are no rigorous solutions that define
the local stress and strain for a crack in temsion under either plane strain
or plane stress; the solution for the intermediate case is not even in sight,
This paper explores two alternate methods of attacking the plane~stress
problem; (1) experimental measurements and (2) a special elastic~plastic
solution which compromises generality and rigor for simplicity. The experi-

ments reveal the character of the plastic zone in front of cracks and notches

in an Fe-351 steel and a plain carbon steel plate. In this way, they offer

(10,11)
a rationale for the DM (Dugdale-Muskhelishvili) model. It has already been
(10,12)
shown that this model makes reasonably good predictions of plastic-zone

size and crack-tip displacement under plane-stress conditions., In this paper,
a refined version of the DM model, capable of taking work hardening and rate-
gensitive yielding into account, is described, Plastic-zone size, crack-tip

.1_

displacements and strains, the crack-extension stress, and Ko are calculated
in this way from unnotched properties. The calculations are also extended to

the case of a propagating ductile crack, and they define the crack speed as

t Linear elastic fracture-toughness parameter,
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well as the stresses, strains, and strain rates generated in advance of the
crack. Where posaible, calculations are compared with experiment, and the

resulting correlations support the usefulness of the DM model,

OBSERVATIONS OF PLASTIC ZONES

Procedure and Materials

This section deals with the three-dimensional character of the plastic
zone in front of a crack and how it changes with nominal stress and plate
thickness. The experiments follow along lines previously reportééf)but are
more complete and systematic, The plastic zones were generated by edge notches
in rectangular coupong of an Fe~3%8i steel (8i, 3.31%; C, 0.04%) and a plain
carbon steel (Project Steel(é?) C, 0.22%; Mn, 0.36%). These coupons, derived
from stress-relieved plates (1 hour at 475°C) of warm-rolled Fe-3Si steel*f
and hot-rolled Steel E, were machined in thicknesses ranging from 0.453 inch
to 0.017 inch.

Two types of notches were studied: (1) a 0.25-inch-deep by 0.006-inch-
wide saw cut (root radius ~0.003 inch), and (2) a 0.25-inch-deep fatigue
cratzﬁ After machining and notching (and fétigping), the coupons were
recrystallzzlz to anneal out traces of defgrmation introduced during machining
and fatiguing, One set of Fe-35i steel coupons was annealed at 1200°C, a2 high
temperature intended to coarsen the grain size and eliminate discontinuous
yielding. As a final step, the surfacés of the fest coupons were electro-

(14)

polished with the Morris reagent.

t Eight inches long by 2.5 inch wide, with a centrally located
4-inch-long gage section.

t+ Reduced 50 percent at 300°C.

T+t Grown from 0,12-inch-long by 0.006-inch-wide saw cuts by
cycling the coupons in tension between 4,000 and 38,000 psi.

Tttt  Fe-35i: 800°C for 1 hour; Steel E: 900°C for 1 hour.



TABLE 1. PARAMETERS DESCRIBING STRESS-STRAIN BEHAVIOR OF MATERIALS OF FIGURE 1

True-Stress/

Deformation Parameters

Curve True-Stress Tensile Properties Ay _
Material No. Relation(d) E (10° psi) Y (102 psi) RA (%) (102 psi) B n €L (
Fe-35i Steel 1.1 I 30.0 62,4 70 128.8 - 0.185 0.012
1.2 I 30.0 54.0 -- - -- .16 0.0
Mild Steel 1.3 1 30.0 35.0 63 98.0 -- 0,249 0.01
4330M Steel 1.4 I 30.0 189.0 45 -- 0.0063 0.100 -- 0.5
2219-T87T Al 1.5 I 11.0 59.0 30 - 0. 0054 0.075 --
Dugdales Steel 1.8 Il 30.0 28.0 83 87.0 -- 0.25 0.015
Hypothetical 1.7 I a0.0 300.0 -- .- 0,005 0. 05 --
1.8 1 30.0 30,0 -- -- 0,005 0.2 --
1.9 I 30.0 30.0 -- -- 0.005 0.05 --
Mild Steel 1,10 111 30,0 40, 0P} 28, 33 98.0 -- 0.431 --
(2) RelationI: & = B% ( + B)R
Relagion II: @ = Y fore <@

= A f0r7 > 1,

Ql

Relation IIl: & = Ay €' + ( £
4,02 x 10782
(b} Staric Yield Stress

(c} For this steel, Equation B-2 was replaced by

Ec* =;5w 1+

AT
0.117t + ,01

+5,39x 10

-58

)i
¢
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The notched coupons were then slowly loaded to various stress levels in
a tensile-testing machine; the peak load was maintained for 4 minutes and then
gradually released. Stress levels are reported either as T, the net section
stress, or as T/Y, the ratio of net section stress to yield stress, As the
next step, residual strains normal to the plate surface were detected and
recorded with the aid of an interference microscope. Following this, Fe-381
steel samples were aged 20 minutes at 150°C to decorate the dislocations.

Plastically deformed regions on the surface of Fe-35i steel were
revealed by etch-pitting electrolytically in Morris reagent. The coupons
were then sectioned, repolished, and etched to reveal the plastic zone in
the interior. The plain carbon steel could not be etched, In its case,
plastic zones are revealed on the surface by virtue of slight surface tilts
which accompany the plastic deformation,

True-stress/true-strain curves of the Fe-3S8i and plain carbon steels
are reproduced in Figure la, and other data are given in Table 1, Figure 1l
shows graphically the stress-strain formulations, described in Table 1, that
serve as inputs to the computer calculations and are discussed later. A

complete list of symbols and their definitions appears in Appendix A.

Experimental Results

Figure 2 shows the plastic zones revealed on the surface of Fe-35i steel
plates of different thicknesses and their development with increasing applied
(12)
stress. The interpretation given previously is that there are two different
types of zones—one associated with plane strain, and the other with plane-

stress conditions:

1. Plane Strain. At low stress levels, two yielded regions fau

out in directions roughly normal to the plane of the crack (the

ty-direction, Figure 2g; see Figures 2c, 2f, 2g, and 2h); at this
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(c) (d)
Fig. 1. True-Streses/True-Strain Curves
(a) Curves for experimental materials; (b,c, & d) curves

correspond 1o Gu¥ equations given in Table 1.
stage, py, the extent of the zone in the y-direction (Figure 2g) is
smaller than the plate thickness, there is little strain normal to
the plate surface, and the zone is effectively invisible on the
unetched coupons. Etched interior sections, parallel to the plate
surface, display nearly the same zone shape, and this zone has the
character of flow around hypothetical plastic hinges qualitatively
in accord with Jacoégz plane-strain calculations and the experiments

(15)

of Green and Hundy.

2, Plane Stress. At high stress levels, large tapering wedges

project forward in front of the crack (the x-direction, Figure 2g;

see Figures 2a and 2b, 24 and 2e, and 2i) from the ends of the two
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Fig., 2. Influence of Nominal Stress and Plate Thickness on
the Plastic Zone Revealed by Etching theOSurfdces of
Machine-Notched Fe-381 Steel Coupons(800°C Anneal):

(al)(b) 0.017-inch thick, c/t=14.7

(c)(d)(e) 0.088-1nch thick, c/t= 4.4

(f)lg) (h)&(i) 0.200-inch thick, e/t= 1.3
Morris reagent, oblique lighting, magnification 67.5X.

@T/E=0.4  (T/Y=0.6

OHT/Y=04 (g T/Y=0.6 (h) T/Y=0.8

fans, On the surface, the two wedges are always separated by a
distance corresponding to the plate thickness (see Figures 2b, 2e,
and 2i), Etching interior sections parallel to the plate surface
reveals that the two wedges merge into a single wedge on the mid-
section, as shown in Figure 3, Normal sections (see Figure 4)
confirm that the wedges are in reality wedgelike regions inclined
at 45 degrees to the tensile axis where shear has occurred through
the thickness direction, At this stage there is, in fact,
noticeable strain through the thickness direction in the form of
a depression (dimple) on the surface.
More detailed studies, now in progress, reveal 45-degree-shear near the plate
surface and in the interior, even when the plastic zone is much smaller than

the plate thickness, It is, therefore, more correct to regard Fe-3Si-steel



(a)

Pig. 3. Plastic Zone Revealed by Etching Sections Parallel to the Test Coupon
Surface (Morris reagent, magnification 4.39X.)

(Fe-35i, machine notched, 800°C anneal, 0.232-inch thick, T/Y = 0.9):
(a) Surface
(b) Section halfway between surface and midsection
(e) Midsection

s oy

FRONT SUR

Fig. 4. Appearance of Plastic Zone on the Front Surface, Back Surface, and a
Normal Section

(Fe-391, machine notched, 800°C awmealy0.197-inch thick, T/Y = 0.9)
Morris reagent, oblique lighting, magnification 8.3X.

plastic zones as composites: partly hinge, and partly inclined wedge. At

low stress levels, particularly for short cracks and thick plates, the hinge
component predominates, while for suitable combinations of high stress, long

crack, and thin section, the inclined wedges make the major contribution.



Pig. & Influence of Nominal Stress and Plote
Thickness on the Plastic Zone Revealed
on the Surfaces of Machine-notched Plain
Carbon Steel Coupons:

(a)(b) 0.058-inch thick,c/t=4.4
(c){d)&(e) 0.200-inch thick,e/t=1.3
Slightly oblique lighting, magnification 3.6X.

Sors
T

() T/Y = 0,8 (@) T/Y = 0,8 (&) T/t =0.9

The plastic zones observed on the electropolished surfaces of the plain
carbon steel (Figure 5) are also interpreted as inclined wedges. Here,
although a number of wedge-shaped zones are nucleatedt the growth of only one
is favored, and this wedge is longer than the corresponding wedges in the
Fe-35i steel (compare Figures 2 and 5 and note the difference in magnifica-
tion). Since the wedges appear above the crack centerline on one side of the
plate, and below on the oppesite surface, they undoubtedly represent a single
45-degree-inclined wedge.

It can be seen in Figures 6a and 6b that notch acuity has little effect
on either size or the shape of the inclined wedge component,. that is, the
zone character under plane-stress conditioﬁg. Also shown in Figures 6¢ and

6d (these correspond to Curves 1.1 and 1.2 in Figure la) is the effect of the

t There can probably be interpreted as Luders' bands,

++ There is a marked effect of notch acuity on the distribution of
strain within the hinge component, particularly close to the
root radius. This will be described in more detail in a future
publication,



(b) Fatigue Cracked

(c) Fe-35i - Yield Point

{e) Plain Carbon Steel - Yield Point

Fig. 6. Plastic Zones Produced by Loading 0.060-inch-thick Coupons to T/¥= 0,78
and Revealed on the Surface by Etching and Interferometlry:

(a)
(b)
()
()
(e)

(a)

Fe-35%, machine notched, 800°C anneal (Curve 1.1, Fig.1), etched
Fe-351, fatigue cracked, 800°C anmeal (Curve 1.1, Fig.1), etched
Same as (a), interferometry o

Fe-3381, machine wnotched, 1200 anneal (Curve 1.2, Fig. 1), etched
Steel E, machine notched (Curve 1.3, Fig. 1), interferometry

& (b) Oblique lighting. In(e) & (d), percent strain values are

quoted. In(e), the numbers give relative displacements in units
of 0.00001 inch. The closely spaced contours -2, 0, +2, +6 are
consistent with a 45-degree-inclined wedge-shaped region sheared
about 1%.

Magnification 12.2X.

yield drop. Comparison reveals that the difference between a material with a

vield drop and one without is less than experimental error. This evidence

(16) (17)

refutes the suggestion of Durelli et al, and Dixon and Visser that the
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wedge-shaped plastic zone is due to the yileld drop, as such. It also opens

to question the view of McClintock and IrwgiS)that the effect is mainly the
result of a low work-hardening rate. As a contrast to the Fe-3Si steel contour,
Figure b6e shows the profile for plain carbon steel. Comparison with the
visual observations (for example, Figure 3) reveals that the zone represents
a tilt on the surface, as suggested previously.

The transition from a dominant hinge to a dominant wedge (for example,
from plane strain to plane stress) is gradual and therefore difficult to
define, It seems likely that the hinge will dominate so long as 45-degree-
shear is constrained; that is, so long as the inclined wedges are contained by
elastic material and do not penetrate to the plate surfaces. Such penetration
will not have occurred so long as the portion of the hinge visible on the
surface extends a distance PH <t/2 on either side of the crack (see Figure 2g;
t is the plate thickness). This serves as an approximate criterion for plane
strain. The contribution of the wedges probably begins to exceed that of the
hinge when the wedge length p >4t (see Figure 2i). This is merely a rough
estimate and serves as a tentative criterion for plane stress. In both
instances, py and p increase with increasing applied stress, Consequently,
the trangition from plane strain to plane stress will occur at higher stresses
in thicker sections. This is shown qualitatively in Figures 2 and 5 and more
quantitatively in Figure 7. For example, the 0,017-inch-thick coupon (Figure
2a) already displays 45-degree-shear prominently when the nominal stress is
40 percent of the yield stress; whereas in the 0.200-inch-thick coupon,
stresses in excess of 90 percent of yield are required (Figure 21).

From the evidence presented, it is possible to construct stylized three-
dimensional pictures of the plastic zone under plane-stress conditions. As
shown in Figure 8, the zones displayed by the plain carbon and Fe-3Si steels
are basically similar. They consist of either a long, single, 45-degree-

inclined wedge, or two long 45-degree-inclined wedges intersecting at 90
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1.0 | ] | | I

Wedge Zone (Plane stress)

02 -

Hinge Zone (Plain strain) 7T J
¥ [mav"I
0 | : ] ] | |
0 4 8 12 i6 20
L
t
Zone Character Material
® & 0 p, < t/2 O ® © Fe-35i sleel, machine notched
o & @ 4>p>t/2 S & & Fe-3Si steel, fotigue cracked
o & o p>4at O O B Steel E

Fig. 7. Influence of Stress Level, Crack Length, and Thickness on the Character
of the Plastic Zone in Fe-351 Steel and Steel E.

c. Idealized plastic zones

d, Stylized plain carbon steel zone
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a. Local yielding in b. Local yielding in
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Fig. 8. Three-Dimensional Character of Plane-Stress Plastic Zones.
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2ve Yielded zone

Crack
Z!V ':l :6 / c C+p X

s
ot SR S S SR SR T
@ Y
v c c-i-p'_x
} S (d)
X Oy -
[
P { 2c -J|—-p | :
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(b c=c, C!s CHp X

(e)

Fig. 9. The DM Model: (a) Crack with Wedge-shaped Plastic Zones, (b) Crack with
"Equivalent" Internal Tension, (¢) Uniform Tension Distribution of Dugdale,
(d) Varying Tension Distribution, and (e) Stepwise Approximation of the
Varying Tension Distribution.

degrees, Figures 8d and 8c show, schematically, that the wedges are attached
to the hinge portion; but the exact pattern of deformation in the region where

the hinge and wedge merge is not yet clear.

THE DM MODEL

The Simple Model

In the light of the preceding section, Dugdale's model of a crack with
wedge~-shaped plastic zones takes on special significance. The model, illus-

trated in Figures 9a and 9b, consists of a crack of length 2¢ in an infinite
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plate, When the plate is subjected to a nominal stress, T, plastic zones of
length p are generated at either end. Together, the zones and the crack are
assumed to have the shape of the stressed elastic slit shown in Figure 9b.
The material within the plastic zone is then replaced by an "equivalent"”
disgtribution of internal tension, S(x), acting on the slit interface—equiv-
alent in the sense that it simulates the support that was derived from the
vielded material, This final step transforms the elastic-plastic problem
into a purely elastic one that can be treated by the Muskhelishvili conformal
mapping procedureg%l)f

The DM model possesses a zone lying in the plane of the crack, as
opposed to the 45-degree-inclined wedge(s) that dominate real plane-stress
zones (see Figure 8c¢). The model also possesses a gpecial wedge shape,
effectively a Tresca yield criterion, and a material that undergoes no fur-
ther elastic deformation after yielding. These assumptions may not be overly
restrictive. For example, the distinction between a straight and an inclined
wedge is minimized as p becomes larger than t, and vanishes as t —» 0, The DM
model is useful—to the extent the various assumptions are applicable or not
crippling—because it transforms the complex three-dimensional plastic region

into a much simpler one-dimensional zone.

(1
Dugdale considered the simple case where 5(x) is a uniform distribution
equivalent to Y, the yield stress of the material (see Figure 9¢). For this

case, the following can be formulated explicitly in terms of ¢, T, and ¥:

(12)
(a) The elastic stress gradient, g(x) for v =0
(10)
(b) The plastic-zone size, p
(20)
(c) The displacement gradient, wv(x) for c< x = p
(20)

(d) The crack-tip displacement, v, = V(x = ¢)-

The relevant equations are summarized in Table 2.

19
t Barenblatg )has adopted a similar apprcach to treat the finite
cohesive strength of completely brittle materials.,



TABLE 2. TIMPORTANT EQUATIONS OF THE DM MODEL
The Simple Model The Work-Hardening Model
(a) Normalized Coordinates: (a) HNormalized Coordinates:
cos B = < cos B= 2 (1) cos B; = e {cy = ¢) (7
c+p’ ctep i c+p *1
= X . = 3 4
cosh g = c+p X 2(c + p) (2) cosh ¢ c+p’ x> (c + p) (8)
X
J
(b} To Remove Stress Singularity at Tip of cos ej T oo+ p; *3 < (et p) (9)
Plastic Zone:
B = %% (3} {b} To Remove Stress Singularity at Tip of
Plastic Zone:
n
{c) Plastic-Zone Size: ﬁ?T =iz=;l 85 (Si"s(i-l)) : S =0 (1)
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So far, albeit-limited experimental tests of these equations have been
(10)

encouraging. Dugdale's =zone-size measurements performed on mild steel are
(12)

described very well by Equation 4., Hahn and Rosenfield found that zone size

and crack-tip displacement values measured for Fe-35i steel are in reasonable

accord with Equations 4 and 5a. For example, the criterion for plane stress,

p > 4t, can be formulated via Equation 4 as

c T -1
X L 14
t >4 [sec oy q > (14)

and this is consistent with the experimental measurement given in Figure 7,

t .
The criterion for plane strain, py < 5, can be formulated on the basis of

(21)

1 ]
Tetelman's observation that py =~ 3, and is

=

|.d

T -1
< < [sec - ] , (15)
t 2

and this is also in reasonable accord with the measurement, Equations 14 and
15 indicate that the zone character is determined by the dimensionless param-
eter, c¢/t, and this given the results of Figure 7, obtained solely by changing
t, greater generality.

At the same time, some discrepancies between theory and experiment have

(10,12)
been noted. At the higher stresses, Dugdale's measured p values and those

for Fe-351 steel (see Figure 7 for ¢/t < 2, where some of the half-filled

points lie in the plane-stress region) are consistently smaller than predicted,
This is related to work hardening; the increase with strain of &, the flow
stress in the plastic zone, means that the value of S becomes larger than Y,
At the same time, the load-bearing cross section within the plastic zone
diminishes as a consequence of constant-volume plastic deformation, and this
ultimately leads to local necking and a reduction in 8. The net effect is an
5(x) of the form shown in Figure 9d (rather than the simpler form of Figure 9c

adopted by Dugdale), and this is treated in the next section.
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Modified DM Model

Work hardening and constant-volume deformation influence two things:
(1) the distribution of internal tension, 5(x), and (2) the y distribution of
strain in the plastic zone, which is shown in Figure B-1 and discussed more

fully in Appendix B., This distribution fixes the relation between v and €,

e = f(v) , (16)

where v is the displacement at a given distance, %, along the abscissa, ¢ £ x
£ (¢ 4 p), and € is the maximum true-plastic strain at the same distance, At
present, the form of Equation 16 must be derived from experiment, and the
simple model presented in Appendix B offers an approximate way of formulating
the distribution in terms of the measurable quantity, d, the width of the

plastic zone (see Figure 5f),

T = g5 ]~ - (16a)

a + zv) bv

To simplify matters further, the ratio d/t is assumed to remain constant,
The idea of relating strain and displacement in terms of a fixed distance, d,
(20)

has been advanced by Goodier and Field.
The same model also describes t”, the minimum-section thickness at a

given distance, x, along the abscissa, ¢ £ x =(c + p), and this connects the

value of § with &,

s =E(-§-)= 5 exp () an
and (via Appendix B),
_ d - 2v
S =T FTT 5y - (17a)

The flow strength and work-hardening rate of material within the zone is

expressed by the true-stress/true-strain characteristics,

T = @ . (18)
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Some of the calculations that will be described exploit the feollowing T - €
equation,

— Y — n
o = ']'é"ﬁ[s + B] ] (]‘88)

where Y, B, and n are material constants. This 1s equivalent at all but small
strains to the more usual power law, T = KED', but has the advantage that
g (€ =0) =Y.

Together, Equations 5, 16, 17, and 18, or the more specific forms used
here (Equations 16a, 17a, and 18a), offer a first estimate of internal-stress
distribution, S(x). The resulting function is approximated by a stepwise
distribution, as shown in Figure 9e, Then, via Equations 7 to 13 in Table 2
(these are the analogies to Equations 1 to 6 for the case of a stepwise
internal-stress distribution) and particularly Equation 12, successive ap-
proximations of S(x) can be obtained. This reiterative process leads to the
correct form of S(x) and appropriate values of p, ¢(x), v(x), and v¢, as well
as €(x) and §,.. The procedure, while prohibitive by hand, is easily managed
on a digital computer., The flow diagram of a computer program is given in
Appendix G, It is programmed for an IBM-7094 Fortran IT system located at

Wright-Patterson Air Force Base, Ohio.

Plastic-Zone Calculations

Results of computer calculations exploiting the modified DM model and
results derived from the simpler form are presented in Figures 10 and 11.
The values in Figure 10 were calculated for Curve 1.4 (Figure 1lb, Table 1)
intended to match a 4330M steel. Figure 10a compares the distribution of
internal tension; Figure 10b shows the elastic stress gradient and true-
stress values within the plastic zone; Figure 10c gives corresponding values
of the plastic strain gradient. It should be noted that the strain values
quoted at the various relative distances, x/c, are the true strains at the

minimum section (see Equation B-2, Appendix B); the value of the crack-tip
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strain, E(x =¢) = €. (see Figure 10c), is the maximum strain generated
within the DM zone. Figures 10b and 10c¢ illustrate that the crack not only
concentrates the stress, but is a potent '"strain concentrator' as well.
Figure lla shows that the plane-stress